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ARTICLE

Estimation of demography and mutation rates
from one million haploid genomes

Joshua G. Schraiber,!* Jeffrey P. Spence,? and Michael D. Edge!*

Summary

As genetic sequencing costs have plummeted, datasets with sizes previously unthinkable have begun to appear. Such datasets present
opportunities to learn about evolutionary history, particularly via rare alleles that record the very recent past. However, beyond the
computational challenges inherent in the analysis of many large-scale datasets, large population-genetic datasets present theoretical
problems. In particular, the majority of population-genetic tools require the assumption that each mutant allele in the sample is the
result of a single mutation (the “infinite-sites” assumption), which is violated in large samples. Here, we present DR EVIL, a method for
estimating mutation rates and recent demographic history from very large samples. DR EVIL avoids the infinite-sites assumption by
using a diffusion approximation to a branching-process model with recurrent mutation. This approach results in tractable likelihoods
that are accurate for rare alleles. We show that DR EVIL performs well in simulations and apply it to rare-variant data from one million
haploid samples. We identify mutation-rate heterogeneity even after accounting for trinucleotide context and methylation status. We
also predict that at modern sample sizes, the alleles at most polymorphic sites with high mutation rates represent the descendants of

multiple mutation events.
Introduction

We now have datasets with genome or exome sequences
from hundreds of thousands of individuals.'™® Large
genomic datasets have the potential to shed light on the
evolutionary forces that shape genetic variation by
enabling a high-resolution view of recent demographic
history,”' mutation rates,"**'**'7 and natural selec-
tion.*'®2° Understanding these evolutionary forces is
crucial for the interpretation of whole-genome sequencing
data.

From a population-genetic perspective, the key advan-
tage of ultra-large sequencing datasets is the information
they provide about rare variants. Because the age of a
variant is correlated with its frequency,®'° rare variants
likely arose recently, and the frequencies of rare variants
are informative about recent population history. This is
especially relevant in humans, where recent explosive
population growth has resulted in a large excess of rare
variants.’

In addition, rare variants can provide substantial power
to estimate mutation rates. Although average mutation
rates can be estimated from de novo mutations in trios or
large pedigrees,”®*® there is substantial variation in muta-
tion rate throughout the genome.'*'”*-*! Many genomic
features, such as flanking nucleotide sequence,'**? methyl-
ation level,*” and replication timing,*' are known to affect
mutation rate. The many rare variants found in samples of
hundreds of thousands of haplotypes provide a large pool
of data from which to estimate mutation rates that depend
on these features.!”*° Moreover, because the full set of fac-

tors that affect mutation rates is unknown, there may be
residual heterogeneity in mutation rates that can be identi-
fied in large datasets, potentially helping discover addi-
tional factors that influence mutation rates.

Natural selection prevents most deleterious variants
from rising to high frequency. Thus, rare variants are en-
riched for deleterious mutations. This fact is commonly
invoked in criteria to predict variant pathogenicity***’
or in efforts to enrich for variants that are more likely to
play a causal role in complex traits and disease.”***°
However, the interaction of mutation, selection, and
demography means that simple rules for identifying puta-
tively pathogenic variants, such as allele-frequency cut-
offs, are not robust to variation in mutation rate.>' More-
over, recent work showed that the distribution of allele
frequencies, not merely the presence or absence of alleles,
contributes substantially to improving estimates of selec-
tion.'? It is therefore important to build models of rare
variation that can account for natural selection and recur-
rent mutation to improve our understanding of selection
in the human genome.

Despite the importance of rare variation in large data-
sets, most current population-genetic methods are unable
to access the information contained in such variants. One
of the key assumptions undergirding many population-
genetic methods is that all copies of a given allele share
a single mutational origin, known as the infinite-sites
assumption.*’™* In contrast, recurrent mutation, in
which variants of a given type have multiple mutational
origins, is detectable even in datasets with only tens of
thousands of individuals."”®** In addition, although
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there exist fast algorithms for computing the likelihood of
genetic data under the infinite-sites model in the absence
of natural selection,**® computing likelihoods for
variants subject to natural selection remains chal-
lenging.*”**! Although simulation-based approaches,
such as approximate Bayesian computation®” or super-
vised machine learning using simulations,”” can circum-
vent some of these limitations, the ways in which these
approaches use the input data can be difficult to interpret,
and the computational burden associated with simulation
can make exploration of different models infeasible.

There has also been theoretical work about large sam-
ples, but again assuming the infinite-sites model. For
example, for sample sizes that are bigger than the effective
population size, early work showed that it may be possible
to estimate mutation rates separately from the effective
population size, which is not possible when the sample
size is much smaller than the effective population size.**
Moreover, the site frequency spectrum for large samples
differs depending on whether one assumes a diffusion
model (equivalently Kingman’s coalescent) or the
discrete-time Wright-Fisher model, even assuming the in-
finite-sites model.>>>’

Nonetheless, recent approaches have made progress to-
ward modeling rare variants subject to recurrent muta-
tion®® and selection®”°° using coalescent and diffusion
techniques, clarifying how recurrent mutation and rapid
population growth shape the distribution of allele fre-
quencies. Yet these approaches are not designed to esti-
mate mutation rates and demography jointly, leaving a
methodological gap.

To enable population-genetic inference from rare varia-
tion in ultra-large sequencing datasets, we present DR
EVIL (Diffusion for Rare Elements in Variation Inventories
that are Large). The core of our method is a rare-variant
approximation of the usual diffusion approximation
used in population genetics that incorporates both recur-
rent mutation and selection. We show that the resulting
process falls into a model class for which a solution was
recently found. We use this solution to arrive at approxi-
mate likelihoods for counts of rare alleles, which can
then be optimized to estimate mutation and demographic
parameters.

We compare the performance of our approach for esti-
mation of mutation rates with existing methods and
show that our method is more accurate and can correct
for the presence of mutation-rate heterogeneity. Further-
more, we demonstrate the importance of correctly ac-
counting for recurrent mutation when estimating recent
demographic history.

We then apply our method to one million samples from
gnomAD.” We detect mutation-rate heterogeneity that re-
mains even after accounting for methylation status and
trinucleotide context. Finally, we demonstrate the impor-
tance of accurate modeling of rare variation by exploring
the impact of natural selection on the probability of
observed allele counts as a function of mutation rate and

the number of distinct mutations to which the copies of
a rare allele in a very large sample trace their origin. ’

Methods

Approximate sampling formula for rare alleles

We use a standard Wright-Fisher model of allele-frequency dy-
namics in a population of time-varying size. Specifically, we as-
sume mutations arise with rate p per site per generation, the
fitness of the heterozygote is 1 + hs, and that the effective popu-
lation size at time f is given by a function N(t). Importantly, we
do not make the infinite-sites assumption that each site is only
mutated once. Instead, we allow for recurrent mutation.

To model the site frequency spectrum of a large sample, we
require the probabilities p, x that an allele in a sample of n haploid
genomes will be observed k times. To obtain these probabilities
for rare alleles (i.e., those for which k <« n), we make two approx-
imations in addition to the standard Wright-Fisher diffusion
approximation. First, we approximate the typical Wright-Fisher
diffusion using Feller’s diffusion approximation of the branching
process, sometimes called Feller's continuous-state branching
process.®’ Branching-process approximations to the dynamics
of rare alleles have a long history in population genetics.®*%*
Intuitively, the branching process assumes that the allele is suffi-
ciently rare that it is only found in heterozygous individuals, and
additionally that heterozygous individuals are rare enough that
they are unlikely to mate with other heterozygotes. Thus, they
can be modeled as expanding in an unconstrained population
(Figure 1, top left). Next, we approximate the binomial sampling
of alleles in a finite sample with Poisson sampling.®* Here, we rely
on the fact that a binomial sample with a small probability of suc-
cess in a large number of trials is approximated well by a Poisson
distribution. Defining the relative population size p(t) = N(t)/No
for some arbitrary Ny, the population-scaled mutation rate § =
4Nou, and the population-scaled heterozygous selection coeffi-
cient y = 4Nphs, we show in the supplemental information
that the sampling probabilities satisfy a system of differential
equations, with

S0t = (f + (K~ DB a(0) — (F + Kb+ d)pi)

+ (K + Ddpiia(t),

where, in the language of birth-death processes, f = % is the
immigration rate, b = #(t) is the birth rate, and d = #(t) —Lis
the death rate. Equation 1 can then be recognized as an inhomo-
geneous linear birth-death process with immigration. Although
birth-death processes with immigration have been studied for
many years,®> to our knowledge the first analytic solution with
inhomogeneous coefficients was presented recently.®® In the
supplemental information, we show that this solution can be
written as

(Equation 1)

pe(t) = eféoBk(ifpr?; ---7§k)7 (Equation 2)

where By(x1, ..., %) is a complete Bell polynomial,®”*® and

/Orfu ~ alt;s))ds, ifi=0
&=

)

t
i!/ fqi(t;s)ds, ifi>0
0
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On the left side, we consider a discrete population model in which a rare variant expands into a population that is dominated by
another allele (indicated in blue). Two lineages of the rare variant arise, one shown in red and one shown in purple. We make a diffu-
sion approximation to this process, as indicated by the curved arrow. In the diffusion approximation, we find that the genealogy of a
sample of rare alleles is modeled by a birth-death process, and that the sampling distribution can be obtained by adding the sampling
distribution of the two different origins. On the right side, we demonstrate how simulated data (shown as filled circles) departs from an
infinite-sites model (shown in red) as sample sizes increase. Our method (shown in blue) accurately matches the site frequency spec-
trum by modeling recurrent mutation. In each inset, we qualitatively indicate that as sample sizes become increasingly large, we reveal

more recent demographic history.

where a(t;s) is the probability that a birth-death process
(without immigration) started with one copy at time s is not
extinct at time ¢, and g;(t;s) is the probability that a birth-death
process (without immigration) started with one copy at time s is
at i copies at time t. Explicit formulae for a(t;s) and g;(t;s) are
given in the supplemental information. This formula can be in-
terpreted as the sum of birth-death genealogies arising from each
mutational origin (Figure 1, bottom left) and is explored further
in the supplemental information. We also describe a reparamete-
rization used to improve computational efficiency and numeri-
cal stability in the supplemental information. In simulations,
we find that our analytic model matches simulated site fre-
quency spectra, whereas classic approaches using the infinite-
sites model fail as sample sizes become larger (Figure 1, right
side).

Likelihood

A key application of sampling formulae in population genetics is
to construct a likelihood of the observed data for estimating
evolutionary parameters. Here, we are focused on estimating de-

mographic parameters and mutation rates, leaving inference of
natural selection to future work.

The data are the observed allele counts from a sample of
haploid size n. Because mutation rates vary by genomic
context,'**? we assume the data are stratified into J mutational
contexts, where ¢ is the number of sites of context j observed
k times. We then compute a sampling probability for each
context, pjx, by modifying Equation 2 to have a different ¢; for
each context, although demographic history is shared across con-
texts. Finally, because our approximate sampling formula is only
valid for rare alleles, we set a maximum allele count K < n and

renormalize the sampling probability, p;, = Zf’“kp . Then, the
k=0 bik

log likelihood is

J K
log(L) = Z Zc,-_k log([af‘k)

i=1 k=0

(Equation 3)

In practice, we choose K = min(0.01n,1,000), which we find to
be a good combination of accuracy and computational speed for
larger samples. Because we ignore correlated allele frequencies
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among sites, this is a composite likelihood. Nonetheless, for
rare variants, linkage disequilibrium can be low.®” In the
supplemental information, we prove that this likelihood is valid
even when there are more than two alleles segregating at a single
locus, as long as all alleles but one are rare. Loosely, this is because
in the branching-process approximation the rare alleles do not
interfere with each other, just as the different mutational origins
of a single rare allele do not interfere with each other

Demographic history estimation

To obtain maximume-likelihood estimates of mutation rates, we
use the fact that Equation 3 factorizes by context when the demo-
graphic history is fixed. Thus, we can estimate the 6, for each
context independently, which is accomplished by using the
one-dimensional Brent optimization algorithm’® for each
context.

To estimate demographic parameters, we leveraged the fact
that we only model very rare alleles and thus only have the ability
to make precise population-size estimates at very recent times.
We estimate demographic parameters on the diffusion timescale
(i.e., time measured in units of 2N, generations and population
sizes measured relative to Np) by first setting a cutoff time in
the past, more anciently than which we assume the population
size was constant. We then specify a number of pieces more
recent than that cutoff in which to estimate the effective popula-
tion size and space them evenly on a log scale.

To jointly estimate demographic history and mutation rates,
we take a multi-step approach. In the first step, we optimize de-
mographic parameters using the L-BFGS-B algorithm’' with nu-
merical gradients. During each evaluation of the likelihood, we
set 0. for each context to be equal to the method-of-moments
estimator, described in detail below. This ensures that, given
the updated demographic history, the mutation-rate parameters
are near their maximume-likelihood estimates. Because similar
likelihoods are known to have complicated geometries,”> we
initialize optimization from multiple random locations in demo-
graphic parameter space.

Following this initial likelihood optimization, the parameters
are near the maximum-likelihood estimates, but not at them,
because the method-of-moments estimate of the mutation rate
generally differs from the maximume-likelihood estimate. Hence,
we perform two additional rounds of coordinate ascent, in
which we alternately fix demographic parameters and find the
maximum-likelihood estimates of the mutation rate given the
demography, and subsequently fix mutation rates and estimate
demographic parameters given the mutation rates.

Estimating a distribution of mutation rates for each
context

We fix the demographic parameters at those estimated
assuming a single mutation rate per context and fit a gamma dis-
tribution of mutation rates to each context in turn. For each
context, we compute the likelihood-ratio test statistic A =
2 10g(Lneterogeneity /Lno heterogeneity)- Standard theory shows that
under the null hypothesis of no heterogeneity, the likelihood-ra-
tio statistic is distributed as y2(1).”*

Estimating sequencing error rates

We fix the demographic parameters at those estimated assuming
a single mutation rate per context and fit a sequencing error rate
to each context in turn. For each context, we compute the likeli-

hood-ratio-test statistic A = 210g(Lerror /Lno error)- Standard the-
ory shows that under the null hypothesis of no heterogeneity,
the likelihood-ratio statistic is distributed as y2(1).”*

Rescaling parameters

To scale the parameters, which are inferred on the diffusion time-
scale (i.e., time measured in units of 2N, generations and popula-
tion sizes measured relative to Ny), we match the average mutation
rate in our dataset to the average mutation rate for the same sites in
the gnomAD dataset. That is, we compute 6 = 13" n.6., where n,
is the number of sites in context ¢, 6. is the estimated 4Ny, for
context ¢, and n is the total number of sites, as well as 7z =
IS™ nep., where p, is the gnomAD mutation rate for context ¢;
we then compute Ny = 4%. This value of Ny can then be used to
rescale from the diffusion scale to an interpretable scale.

Simulations

We developed a custom Wright-Fisher model simulator to simu-
late unlinked variants evolving subject to genetic drift, natural se-
lection, and recurrent mutation.

To simulate data for testing mutation-rate estimation, we
fixed the demographic history at that of the Schiffels-Durbin-
Agarwal model.'® For each mutation rate and sample size, we
assumed a target size of 100,000 and imposed a cutoff of
K = min(0.005 xn,1,000) for each sample size n for maximum-
likelihood analyses, although the method-of-moments and
first-order estimators used the entire dataset. We simulated each
combination of mutation rate and sample size 45 times and aver-
aged simulations to obtain root-mean-squared error (RMSE).
When simulating data to test our power to infer mutation-rate
heterogeneity, we used the same general scheme but with the
haploid sample size fixed at 1,000,000 and simulated mutation
rates for each locus from a gamma distribution with the desired
mean and coefficient of variation. We simulated 40 replicates
per combination of mean and coefficient of variation and
computed the likelihood-ratio test statistic A for each. The power
estimate is the fraction of tests for which a y? test with 1° of
freedom would reject the null hypothesis of no heterogeneity at
the 5% level.

To simulate data for estimation of demographic parameters, we
began with the Schiffels-Durbin-Agarwal model and modified it
to reflect different demographic histories. To simulate two phases
of exponential growth, we simulated 227 generations of growth
at a rate of 2% starting 252 generations ago, followed by an addi-
tional 25 generations of growth at a rate of 12%. To simulate a
population that expands and contracts, we simulated 227 gener-
ations of growth at a rate of 3% starting 252 generations ago fol-
lowed by 12 generations of decline at a rate of — 10%. For each
demographic history, we simulated sample sizes of 1,000,
100,000, and 1,000,000. For each demography and sample-size
pair, we simulated 50 replicates. Each replicate consisted of a
simulation of 1,500,000 independently evolving positions, with
500,000 having a mutation rate of 10~° per site per generation,
500,000 having a mutation rate of 10~8 per site per generation,
and 500,000 having a mutation rate of 10~7 per site per
generation.

Data

gnomAD data processing

To generate gene annotations, we used the hg38 knownCanoni-
cal table from the UCSC genome browser.”* We obtained gene
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symbols using the kgXref table and the exon and coding
sequence positions for the canonical transcripts from the known-
Gene table. We joined tables in the UCSC genome browser
by selecting fields from primary and related tables prior to down-
loading. To ensure that we used only coding exons and not un-
translated exons, we restricted only to exons that overlapped
with the coding sequence. This resulted in a list of putative genes.
Next, we downloaded the 30-way phastcons track bigWig file
from the UCSC genome browser”> and used bigWigAverage
OverBed to calculate the average phastcons score per exon. We
then averaged exons together and only retained genes with an
average phastcons score greater than 0.3. This resulted in a data-
set of 16,207 genes. We then computed variant effect predictions
(synonymous, non-synonymous, and stop gain) and trinucleo-
tide contexts for every mutation using a custom script. As a final
level of quality control, we joined with gnomAD v4.1 allele num-
ber counts and restricted to sites with a total allele number greater
than 1,100,000 that were in the UK Biobank capture region. We
further restricted our analyses to only autosomal loci. Any sites
that did not pass the quality filters described here were excluded
from all subsequent analyses.

We then downloaded variant information from the gnomAD
v4.1 dataset from the gnomAD website. For positions without a
variant in the gnomAD variant calls, we counted them as having
a non-reference frequency of 0. Next, we used a hypergeometric
distribution to subsample all sites observed in the non-Finnish
European (“nfe”) subset of gnomAD down to a haploid sample
size of 1,000,000.

B-score analyses

We downloaded B scores from https://github.com/sellalab/Human
LinkedSelectionMaps/tree/master/Bmaps.”® We lifted over coordi-
nates from hgl9 to hg38 and subsequently intersected B scores
with our exonic dataset. We then stratified sites by B-score decile
and ran our entire inference pipeline, including mutation-rate re-
scaling, on each decile separately.

Results

Maximum-likelihood estimation of demography and
mutation rates

In the methods section, we describe how to use the sam-
pling formula (Equation 2) as part of a maximum-likeli-
hood estimation procedure for mutation rates and demo-
graphic history. Here, we assess the performance of our
method and compare it with other approaches.
Estimation of mutation rates

To examine the performance of our estimation procedure,
we first explore the estimation of mutation rates when the
demographic model is fixed. Although our method allows
maximume-likelihood estimation of mutation rates, an
alternative method-of-moments procedure is suggested
by the solution in Equation 2. In empirical data, the prob-
ability that a site is not variable, py, can be estimated as
one minus the fraction of sites that are segregating in
the sample,

~ Number of observed mutations
Po = 1- T S
Number of potential mutations
=1 - IA)S

where we use p, to indicate proportion of segregating sites
in the sample. Then, noting that the immigration rate f =
%’n = 2Nyun, a method-of-moments estimator of the mu-
tation rate can be computed,

i — log(1 - py) (Equation 4)

=D, + %ﬁf + %ﬁf + ... (Equation 5)

This method-of-moments estimator has been previously
used, although it was derived via a different method.'”>*
The second line follows from a Taylor expansion of the
logarithm, and the constant of proportionality can be
determined by constraining the average mutation rate in
the genome to match an independent observation, as
described in methods.”*'°® The first-order term, uxp,, cor-
responds to an infinite-sites estimator of the mutation
rate, and is commonly used to estimate mutation rates
from population-genetic data.”**’ However, it is clear
from Equation 5 that the first-order approximation is
poor when the fraction of segregating sites is appreciable,
underestimating the mutation rate. The full method-of-
moments estimator also fails when a mutational context
is fully saturated: in that case, f)s = 1, and the muta-
tion-rate estimate is infinite. For this reason, mutation-
rate estimates in high-mutation-rate contexts are typically
made by downsampling data,”* discarding information.

With DR EVIL, we use maximum likelihood to estimate
the mutation rate. Maximum likelihood has the advan-
tage of using allele-frequency information in addition to
presence/absence information. When mutation rates are
low, the shape of the site frequency spectrum is not
affected by the mutation rate; instead, the mutation rate
only scales the total number of segregating variants.
Thus, allele frequencies provide little information above
presence/absence in the low-mutation-rate regime. How-
ever, when there are recurrent mutations, the shape of
the site frequency spectrum is influenced by the mutation
rate; for example, two independent singletons of the same
allele will look like a doubleton (Figure 2A). Particularly
notable is that as the mutation rate increases, the site fre-
quency spectrum becomes non-monotonic and non-
convex; under the infinite-sites model, the frequency
spectrum must be decreasing and convex in the absence
of population structure.””

One downside of common approaches and the DR EVIL
maximum-likelihood estimation is that they require an
accurate estimate of the mutational target size. However,
due to the subtleties of read mapping and genotype call-
ing, assessing which sites could have potentially been
called as variable is surprisingly difficult.”*® Because
the shape of the site frequency spectrum is influenced
by the mutation rate, it provides information to estimate
mutation rates without an estimate of the mutational
target size, providing a method for mutation-rate estima-
tion that avoids some technical challenges. Thus, we
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Figure 2. Mutation-rate estimation from site frequency spectra with recurrent mutation
(A) Three example site frequency spectra, simulated with a published demography'® and three mutation rates, indicated by color. All

spectra are normalized to sum to 1.

(B) Performance of different methods of mutation-rate estimation as sample size changes. The horizontal axis shows the sample size
and the vertical axis the relative root-mean-squared error (RMSE). Different methods are indicated with different colors. Each panel
shows the results of a simulation, with the mutation rate indicated at the top of the panel.

(C) The impact of mutation-rate heterogeneity on the site frequency spectrum. Each site frequency spectrum has an average mutation
rate of 10~7, but mutation rates are distributed according to a gamma distribution with the indicated coefficient of variation.

(D) Power to detect mutation-rate heterogeneity. The horizontal axis shows the coefficient of variation of the distribution of mutation
rates, and the vertical axis shows the power to infer mutation-rate heterogeneity. Each line represents a different mutation rate.

also explored the possibility of estimating mutation rates
without target sizes.

To test these different methods for estimating mutation
rates, we simulated data under a recently proposed demo-
graphic model'® while varying sample size and mutation
rate. Figure 2B shows that the maximume-likelihood esti-
mator of the mutation rate is consistently more accurate
than any alternative; Figure S2 shows that the other ap-
proaches are biased downward. As expected, for small
mutation rates and sample sizes, the method-of-moments
and first-order estimator perform equivalently. However,
as the sample size increases, the method-of-moments and

maximume-likelihood estimators become increasingly ac-
curate, but the first-order estimator begins to increase
in relative RMSE. This is because it does not properly ac-
count for recurrent mutation. Moreover, although the
maximume-likelihood estimator without a target size per-
forms poorly for low mutation rates and small sample sizes,
it becomes comparable to the full maximum-likelihood
estimator for high mutation rates at large sample sizes.
Finally, although it is common practice in human ge-
netics to stratify variants by factors that influence their mu-
tation rate (for example, trinucleotide context and methyl-
ation level), there is substantial evidence for residual
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mutation-rate variation.'"”'”’* To model mutation-rate
variation that is not captured by the chosen stratification
strategy, we incorporated a gamma distribution of muta-
tion rates (supplemental information). We emphasize
that we chose the gamma distribution for analytical conve-
nience and flexibility and do not claim a biological motiva-
tion. Figure 2C shows that the coefficient of variation,
which measures the amount mutation-rate heterogeneity,
has a substantial impact on the shape of the frequency
spectrum, resulting in an excess of low-frequency variants.
To test the ability to detect residual mutation-rate varia-
tion, we simulated data under a gamma distribution of mu-
tation rates. Figure 2D shows statistical power as a function
of the coefficient of variation and the mutation rate. Unsur-
prisingly, there is more power to detect mutation-rate het-
erogeneity for higher average mutation rates and larger co-
efficients of variation. Figure S3 shows that not accounting
for mutation-rate heterogeneity results in a biased estimate
of the average mutation rate. However, when we reject the
null hypothesis of a single mutation rate, we accurately es-
timate the mean mutation rate and coefficient of variation.
Joint estimation of demography and mutation

In most applications, the exact demography is unknown
and must also be estimated. This is particularly true when
working with very large datasets: a key advantage of using
extremely large sample sizes is that they reveal more recent
demographic history because they contain rare variants
that arose recently. However, in large samples, recurrent
mutation distorts the site frequency spectrum compared
with what would be expected under an infinite-sites
model, as seen in Figure 1. Therefore, inferences about de-
mographic history made using tools that rely on the infin-
ite-sites assumption may be biased. On the other hand,
because the likelihood approach developed here only ap-
plies to rare variants, which arose recently, it is not suited
to estimate very ancient demographic history.

Thus, because DR EVIL models rare variants, we only
infer very recent demography and fix more ancient
demography. The ancient demographic history can be
fixed by, for example, inferring demographic parameters
using infinite-sites site frequency spectrum methods on
a smaller subsample, or using complementary methods,
such as coalescent hidden Markov models.*'** We then
infer a piecewise-constant demography for recent periods.
In the methods section, we describe a multi-step approach
to infer demographic history and mutation rates jointly.

To test DR EVIL, we simulated data under two different
demographic models across sample sizes and compared
our estimates with those made using an infinite-sites
model. First, we explored a model with two phases of
exponential growth (Figure 3). Increasing sample sizes al-
lows for inference of increasingly recent demographic his-
tory. With 1,000,000 samples, we see accurate estimation
of the effective population size in the last ten generations.
We also see the critical importance of modeling recurrent
mutation: comparing the estimates of effective popula-
tion size when modeling rare variation (Figure 3A) with es-

timates that use the infinite-sites model (Figure 3B) shows
that infinite-sites estimates display increased variance in
the more distant past and substantial bias in the recent
past. Figure S4 shows a similar pattern under a model of
population expansion followed by decrease, in which esti-
mates made using the infinite-sites model are both higher
variance and more biased across sample sizes.

Application to gnomAD

We applied our approach to estimate mutation rates and
recent demographic history from the gnomAD v4.1 dataset.
We took advantage of the massive sample size afforded by
the inclusion of the UK Biobank exome data and computed
the synonymous site frequency spectrum of non-Finnish
European samples, downsampled to 1,000,000 haploids.
We imposed an allele-frequency cutoff, only analyzing al-
leles appearing in the sample fewer than K = 1,000 times.
To account for the context dependence of mutation rates,
we stratified the site frequency spectrum by trinucleotide
context and methylation level. Because some trinucleotide
contexts do not result in synonymous mutations, we
observed 92 out of the 96 possible trinucleotide contexts.
Combined with methylation status at CpG transitions,”
we analyzed 144 total contexts.

To estimate demographic history, we divided the recent
past into bins that were evenly spaced on the log scale and
estimated the effective population size in each bin
(methods and Table S1). We also fit both a single mutation
rate and a gamma distribution of mutation rates to each
context (Table S2). Figures 4A and 4B show the fit of the
model to the observed data for two trinucleotide contexts,
the low-mutation-rate CAA-to-CTA context and the high-
mutation-rate CGT-to-CAT context at methylation level
6, respectively. The CAA-to-CTA context appears consis-
tent with an infinite-sites model, but the CGT-to-CAT
context can only be fit well by allowing for recurrent mu-
tation. Moreover, we show in Figure S5 that the fit is
significantly improved by allowing a gamma distribution
of mutation rates. Thus, we see that our model can fit
the data well and that it is important to model recurrent
mutation and residual mutation-rate variation to do so.

Figure 4C shows our estimated demographic history.
Consistent with expectations, we see explosive popula-
tion growth and infer an effective population size of
approximately 31 million over approximately the last
seven generations. To ensure that our results were robust
to the hyperparameter choices we made (such as the num-
ber of bins in which to infer effective population size and
the cutoff in the past up to which we inferred population
size), we explored a number of different hyperparameter
choices, finding that inference of recent effective popula-
tion sizes were similar across different choices, despite
some noise in the ancient past (Figure S6).

Background selection—the impact of the selective
removal of deleterious variants on genetic diversity at
linked neutral loci—has been shown to affect demographic
inference.®*®’ To determine the sensitivity of our results to
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Figure 3. The importance of sample size and recurrent mutation for demographic inference
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(A) Estimation accounting for recurrent mutation.
(B) Estimation under the infinite-sites model.

the effects of background selection, we stratified the exome
by decile of B score,”® which quantifies the expected effect
of background selection. We inferred demographic history
from each decile independently. Despite the additional
noise due to each bin having a tenth as many variants as
were included in the full analysis, the demographic his-
tories estimated in different B-score deciles were broadly
similar to each other and to the estimates from the full da-
taset, suggesting that our overall conclusions are robust
(Figure S7A). Nonetheless, we do see that higher B scores
(i.e., lower levels of background selection) are associated
with larger estimates of population size, consistent with ex-
pectations (Figure S7B).

We then examined the distribution of estimated muta-
tion rates. Figure 4D shows that, consistent with previous
analyses, CpG transitions are estimated to have mutation
rates 10-100 times larger than in other contexts. Figure
S8A shows that that our estimates are largely concordant

with those of gnomAD, although for some contexts we
find substantial disagreement. To ensure our estimation
of mutation rates was robust to our estimation of the target
size (which relies on several assumptions about where mu-
tations can be reliably called), we verified that our esti-
mated mutation rates were concordant with and without
information about the number of monomorphic sites
(Figure S8B). We have power to estimate mutation rates
without including target size because, due to explosive pop-
ulation growth, all but the lowest mutation-rate categories
show substantial deviations from the infinite-sites model,
and fits are improved by incorporating recurrent mutation
(Figure S9). Within CpG contexts, we find that both
context and methylation level are associated with muta-
tion-rate differences (Figure 4E). Further, although we fail
to reject the null hypothesis of no mutation-rate heteroge-
neity for most contexts (49/144 contexts have support for
heterogeneity at a 10% false discovery rate), Figure 4F
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we found that contexts with
sequencing error effects were not the
CPC oG wansiion  SANE S the contexts with mutation-
transversion rate heterogeneity (Figure S10B), sug-

gesting that these two processes do
not confound each other. Interest-
ingly, our estimates of sequencing
error rate are strongly correlated
with mutation rate (Figure S10C),
which may be consistent with devia-
tions from the breeding structure
assumed by the diffusion model®**°
or may be due to ascertainment,
because sequencing errors must be

107

0 5 10 0.0 0.5
Coefficient of variation

Methylation level

shows that we find significant residual mutation-rate varia-
tion in many categories, even after accounting for methyl-
ation level. Interestingly, while CpG contexts have an
appreciable coefficient of variation, our largest estimates
of residual variation occur in non-CpG contexts, in line
with the observation that there are features beyond
methylation and trinucleotide context that influence mu-
tation rates.'”*"

A possible concern in large sample sizes is that
sequencing error could create a substantial number of
false-positive variants as well as possibly confounding our
estimates of mutation-rate heterogeneity. We derived a
model of sequencing error for rare alleles in large datasets
and found a closed-form solution that we implemented
in a maximum-likelihood approach to estimate sequencing

1.0
larger to have a noticeable impact on

contexts with higher mutation rates.
Nonetheless, we see that, as predicted
by analyses shown in the supplemental information,
sequencing error has a relatively small effect on the pre-
dicted frequency spectrum, only resulting in a small in-
crease in singletons and a small decrease in monomorphic
sites for the lowest-mutation-rate contexts (Figure S10D).
Finally, we sought to understand the effect of strong
selection on variants in large-population-variation data-
sets. Using the demographic model we estimated from
gnomAD, we explored the effect of selection on mutation
saturation, allele frequencies, and recurrent mutation.
First, we examined the information about selection
conveyed by presence or absence of a variant (Figure SA).
Selection affects the ability to observe variants across a
range of sample sizes. Unsurprisingly, increasing the sam-
ple size results in more observed variants, and increasing
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the heterozygous selection coefficient results in fewer
observed variants. Consistent with previous work,**** po-
sitions with high mutation rates are nearly saturated at cur-
rent sample sizes and essentially completely saturated at
samples around 10 million. In contrast, the vast majority
of sites with mutation rates between 10~° and 10~ 8 will
be non-segregating in samples smaller than 10 million,
meaning that presence or absence in a population varia-
tion database is only weakly informative about selection
on those mutations.

Next, we examined the information available in fre-
quencies of segregating alleles (Figure 5B). At each selec-
tion coefficient, we examined the 99 percentile of the
allele frequency distribution conditioned on the allele
segregating; thus, this is the largest selection coefficient
that could be rejected at the 99% level. High mutation
rates can result in mutations being an order of magnitude
more common at a given selection coefficient compared
with lower mutation rates. In samples of size 10 million,
CpGs with selection coefficients between 10~3 and 102
will be an order of magnitude more common than
slower-mutating alleles with the same heterozygous selec-
tion coefficient.

We also examined the effect of recurrent mutation
(Figure 5C). The prevalence of recurrent mutation has im-
plications for phasing and imputation, which typically as-
sume an infinite-sites model. While alleles with mutation
rates on the order of 10~ ? are unlikely to have multiple or-
igins, strongly selected mutations with mutation rates on
the order of 10~ 8 or larger have a substantial probability of
having arisen multiple times, suggesting that deleterious
CpGs may be difficult to phase or impute. As an alterna-
tive view of this question, Figure S11 shows the expected
number of mutational origins, which is close to one for
low mutation rates but can be greater than four for high
mutation rates and strong selection. Perhaps surprisingly,
we find a non-monotonic relationship between the prob-
ability of multiple origins and the selection coefficient,
demonstrating the importance of explicit population-ge-
netic modeling in understanding how evolutionary forces
affect genetic diversity (Figure S12 and supplemental
information).

Discussion

Here, we presented DR EVIL, a method for population-ge-
netic estimation of demographic parameters and muta-
tion rates applicable to samples of millions of genomes.
Because most of the information contained in extremely

large sequencing studies that is unavailable in smaller da-
tasets is contained in the rare variants they uncover, our
approach focuses on modeling rare variation. A focus on
rare variation allows computationally efficient handling
of recurrent mutation and selection, enabling analyses
of large datasets in which the standard assumptions of
neutrality and infinite sites are violated.

Our approach allows for estimation of mutation rates
with up to an order of magnitude lower RMSE than stan-
dard population-genetic approaches.”'” This is because
in large sequencing studies, mutation affects not just the
proportion of segregating sites but also the shape of the
allele frequency distribution. Leveraging this fact, we
found that in sufficiently large sequencing studies, muta-
tion rates can be estimated without an estimate of the
target size; thatis, it is unnecessary to account for invariant
sites. Computing the number of invariant sites can be diffi-
cult: it is important to know whether a site is invariant
because it is truly invariant or because it was too difficult
to genotype. We also characterized a method-of-moments
estimator of the mutation rate that is substantially more
robust to recurrent mutation and achieves impressive effi-
ciency atlarge sample sizes. Further, our method provides a
likelihood-ratio test for heterogeneity of mutation rates,
and we find evidence of such heterogeneity in many
sequence contexts, motivating future work uncovering
the sources of heterogeneity.

Sequencing errors are a major concern when examining
rare variation.**®” We built a theoretical model of
sequencing error and found that errors create artificial sin-
gletons in large datasets, with a more pronounced effect in
larger datasets. Strikingly, when we estimate sequencing
error rates, we find that they are strongly correlated with
mutation rates. Although this may reflect some similar-
ities between sequencing chemistry and in vivo mutational
repair mechanisms, it may also reflect departures from the
diffusive model assumed here.>*>%°? The correlation may
also result from an ascertainment issue: in order to detect
sequencing error among sites with large mutation rates,
the sequencing error rate must itself be large. Altogether,
although we find evidence for sequencing error or devia-
tions from diffusive population structure in our dataset,
the impact of such effects on our overall results is small.

Our approach allowed us to estimate the effective pop-
ulation size as recently as ten generations ago, a time
period that only appreciably affects the site frequency
spectrum in datasets with hundreds of thousands of hap-
lotypes. Moreover, we found that, because recurrent mu-
tation is a major determinant of allele frequencies for
rare variants in ultra-large sequencing studies, traditional

(B) High mutation rates enable deleterious mutations to rise to high frequency. The horizontal axis shows the heterozygous selection
coefficient, and the vertical axis shows the 99th percentile of allele frequencies for segregating alleles. Each subpanel corresponds to a
different mutation rate, indicated at the top of the panel, and each line corresponds to a different sample size, indicated by color.

(C) Mutations have multiple origins in large samples. The horizontal axis shows the minor-allele count in a sample of a million haploid
genomes, and the vertical axis shows the probability that a mutation has more than one origin. Each subpanel corresponds to a
different mutation rate, indicated at the top of the panel, and each line corresponds to a different heterozygous selection coefficient,

indicated by color.
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population-genetic models that do not account for recur-
rent mutation result in strongly biased estimates of recent
effective population sizes. When applied to humans, we
find evidence for super-exponential growth and a large
recent effective population size, consistent with known
patterns of the census population size. While we found
that our empirical results are robust to stratification by
the intensity of background selection,”’*®>*” in future
work it will be important to use theory and simulation
to understand how explosive population growth interacts
with background selection to affect patterns of genetic
diversity.””

More generally, our work can be seen as being broadly in
the tradition of site-frequency-spectrum-based approaches
to demographic inference.*””'~* Although there are exist-
ing theories and methods applicable to samples with two
mutations in their history, such as tri-allelic data,”*”°
our method allows for an arbitrary number of mutational
origins so long as the allele remains rare. Multiple muta-
tional origins are expected for high-mutation-rate alleles
even in samples of tens of thousands of individuals.”®**
As we have shown, recurrent mutation is expected to be
the norm in high-mutation-rate classes given current sam-
ple sizes. Our model also adds to the literature on branch-
ing-process models of rare variants that allow for recurrent
mutation. For neutral variants, our model is identical to
that of Wakeley et al.,*® but we derive an efficient sampling
formula and generalize their approach by incorporating
natural selection and developing a method for estimation
from empirical site frequency spectra.

Another domain where our results may be useful is in
understanding mutations in highly mutagenic somatic
tissues, such as tumors. Branching and birth-death models
are commonly used to model these situations, particularly
in the case of exponential growth.’™”? Our results can be
used to generalize these approaches to more general
models of non-equilibrium tissue growth and may enable
more general inference of tissue growth from bulk and sin-
gle-cell somatic sequencing experiments.

Whereas measures of mutational constraint are critical
tools for prioritizing genomic regions in disease,'’"'%*
drug discovery,'® and other applications, accurate and
interpretable measures of mutational constraint require
understanding the demographic and mutational forces
that create genetic variation.'”* Using our model, we
showed that the interplay among natural selection, muta-
tion, and demography can be complex, supporting the
importance of explicit population-genetic modeling for
estimating constraint. Moreover, given the possibility of
estimating gene trees from tens or hundreds of thousands
of samples,'’>"'% it may be possible to leverage estimated
gene trees to provide enhanced estimates of natural selec-
tion. In general, modeling the genealogy of selected vari-
ants is difficult,””>' but our approach suggests that fitting
a simplified birth-death model may substantially augment
our ability to learn about natural selection from gene trees
of rare variants.'"’

Data and code availability

This study did not generate any new data. The software to run DR
EVIL and to reproduce the analyses in this paper is available as R
code at https://github.com/Schraiber/drevil.
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